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Abstract. Let X be a compact Kahler manifold and let L be a pseudo- 
effective line bundle on X with singular metric (p. We first define a no- 
tion of numerical dimension of the pseudo-effective pair (L, <p) and then 
discuss the properties of it. We prove also a very general Kawamata- 
Viehweg-Nadel type vanishing theorem on an arbitrary compact Kahler 
manifold. 



1. Introduction 

Let X be a compact Kahler manifold and let (L, ip) be a pseudo-effective 
line bundle on X (c.f Section 3 for the definition of a pseudo-effective pair 
{L,ip)). H.Tsuji [Tsuj has defined a notion of numerical dimension by an 
algebraic method: 

Definition 1. Let X be a projective variety and {L,ip) a pseudo-effective 
line bundle. One defines 

^mim{L,'^) = supjdiml/ I V subvariety of X such that 

if is well defined on V and {V,L,Lp) is big.} 

Here {V, L, ip) to be big means that there is a desingularization it : V ^ V 
such that 

- — h^(V,rmr*(L) (g)I(mipoTr)) ^ 
hm — ^- — ^ — — > 

where n is the dimension of y. Q 

Since Tsuji's definition depends on the existence of subvarieties, it is more 
convenient to find an analytic definition if the base manifold is not projec- 
tive. Following a suggestion of J-P. Demailly, we first define a notion of 
numerical dimension nd(L, (p) (cf. Definition 4) for a pseudo-effective line 
bundle (L, (f) on a manifold X which is just assumed to be compact Kahler. 
The definition involves a certain cohomological intersection product of pos- 
itive currents, introduced in Section 2. We then discuss the properties of 
nd(L, ip) in Section 3 and 4. The main properties are as follows. 



[Tsuj proved that the bigness does not depend on the choice of desingularization. 
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Proposition 1.1. Let {L,ip) be a pseudo-effective line bundle on a projective 
variety X of dimension n and nd(L, ip) = n. Then 

hm — ^ — ■ — ^ — ^ > 0. 

m— >oo ITT- 

Proposition 1.2. Let {L,ip) be a pseudo-effective line bundle on a projective 
variety X . Then 

VmiraiLif) = nd(L,(y9). 

Our main interest in this article is to prove a very general Kawamata- 
Viehweg-Nadel type vanishing theorem on an arbitrary compact Kahler 
manifold. Our statement is as follows. 

Theorem 1.3. Let {L,ip) be a pseudo- effective line bundle on a compact 
Kahler manifold X of dimension n. Then 

H'P{X,Kx (E) L(g)I+{ip)) =0 for any p>n-nd{L,ip) + 1, 

where Tj^{ip) is the upper semicontinuous variant of the multiplier ideal sheaf 
associated to (f> (cf. jFJj ). 

The organization of the article is as follows. In Section 2, we first re- 
call some elementary results about the analytic multiplier ideal sheaves and 
define our cohomological product of positive currents by quasi-equisingular 
approximation. In Section 3, using the product defined in Section 2, we give 
our definition of the numerical dimension nd(L, ip) of pseudo-effective line 
bundles with singular metrics. The main goal of this section is to give an 
asymptotic estimate when nd{L,ip) = dimX. In section 4, we prove that 
our numerical dimension coincides with the definition in |Tsu| when X is 
projective. We also give a numerical criterion of the numerical dimension 
and discuss a relationship between the numerical dimension without mul- 
tiplier ideal sheaves and the numerical dimension defined here. In Section 
5, we first give a quick proof of a Kawamata-Viehweg-Nadel type vanishing 
theorem on projective varieties. We finally generalize the vanishing theorem 
on arbitrary compact Kahler manifolds by the methods developed in |DP] 
and pou]. 

Acknowledgements: I would like to thank Professor J-P. Demailly for 
numerous ideas and suggestions for this article, and also for his patience 
and disponibility. 

2. Cohomological product of positive currents 

We first recall some basic definitions and results about quasi-psh func- 
tions. Let X be a complex manifold. We say that (/5 is a psh function (resp. 
a quasi-psh function) on X, if 

iddip > 0, (resp. iddip > — c • u)x) 
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where c is a positive constant and ujx is a smooth hermitian metric on X. 
We say that a quasi-psh function ip has analytic singularities, if ip is locally 
of the form 

V{z)=C■HY,\9^?) + 0{l) 

with c > and {gi} are holomorphic functions. Let (p,ip be two quasi-psh 
functions. We say that ip is less singular than tp if 

i;<ip + c 

for some constant C. We denote \i ip ^ ij). 

We now recall the analytic definition of multiplier ideal sheaves. Let X[ip) 
be the multiplier ideal sheaves associated to the quasi-psh function 99, i.e. 

X((^). = {/eOxI / |/|V2'^<+oo} 

where Ux is some open neighborhood of x in X (cf. (Demj for a more 
detailed introduction to the concept of multiplier ideal sheaf). When ip 
does not possess analytic singularities, we need to introduce the "upper 
semicontinuous regularization" of the multiplier ideal sheaf, namely the ideal 
sheaf 

Z+M = hm Z((l + e)(^). 

e-i-0+ 

By the Notherian property of coherent ideal sheaves, there exists an e > 
such that 

Z+{ip) = + e')ip) for any < e' < e. 

When ip has analytic singularities, it is easy to see that 1j^{ip) = I{ip). 
Conjecturally we have the equality for all psh functions. 
Important Convention: When we talk about a line bundle L on X, we 
always first implicitly fix a smooth metric ho on L. Given a singular metric 
ip on L OT sometimes (p for simplicity, we just means that the new metric on 
L is given by hQe~^ . Recall that the curvature of the metric (p for L is 

^%{L) = ^eh,{L) + dd-ip. 

The pair {L,p) is said to be a pseudo-effective line bundle if ■^@ip{L) > 
as a current. 

Let TT : X ^ X he a, modification of a smooth variety X, and let ip, ip 
be two quasi-psh fuctions on X such that I{ip) C In general, this 

inclusion does not imply I{ip o vr) C o vr). We thus need the following 
lemma. 

Lemma 2.1. Let E = tt*Kx - K^. If l{ip) C X{ip), then 
I{ip o vr) 0{-E) C o tt). 

This equality is well known in dimension 1 and is proved to be true in dimension 2 by 
Favre-Jonsson [FJ| . See [DP] for more details about 
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where the sheaf 0{—E) is the germs of holomorphic functions f such that 
div(/) > E. 



Proof. It is known that Z{ip o n) C Tr*Z{ip) (cf. Proposition 14.3 of Demj ). 
Then for any / € I{(p o vr)^:, we have 

/ vr,(/)e-2'^ < +00, 

where Ux is some open neighborhood of x and tt(Ux) is its image under vr 
which is not necessary open. Combining with the condition I{ip) C 1.{tp), 
we get 

(1.1) / I TT,/ |2 e-^^ < +00. 

(1.1) imphes that 

(1.2) / I / pl J |2 e-2'/'°- < +00, 

where J is Jacobian of vr. Since 0{—E) = J ■ Ox, (1-2) impHes the lemma. 

□ 

Let X be a compact Kahler manifold and let T be a closed positive (1,1)- 
current. It is well known that T can be written as 

T = 9 + dd^if, 

where ^ is a smooth (1, l)-closed form representing [T] G H^'^{X, M) and ip is 
a quasi-psh function. Demailly's famous regularization theorem states that 
(f can be approximated by a sequence of quasi-psh functions with analytic 
singularities. We say that it is an analytic approximation of if. Among all 
these analytic approximations, we want to deal with those which keep the 
information concerning the singularities of T. More precisely, we introduce 
the following definition. 

Definition 2. Let 9 + dd^ip be a positive current, where 9 is a smooth form 
and ip is a quasi-psh function on a compact Kahler manifold {X,uj). We 
say that {ipk}^^i is a quasi- equisingular approximation of ip for the current 
9 + dd^ip if it satisfies the following conditions: 
(i) {Vk}'kLi converge to ip in topology and 

9 + dd'^ipk > —Tk ■ 

for some constants Tjt — t- as k ^ +00. 

(a) all (pk have analytic singularities and ipk ^ ^k+i for any k. 
{Hi) For any 6 > and m € N, there exists kQ{6,m) € N such that 

Z(m(l + 6)ipk) C I{rrnp) for every k > kQ{6,m) 

Remark. By condition (i), such type of approximation depends not only on 
(p but also on the current 9 + dd^ip. 
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The existence of such quasi-equisingular approximations was proved in 
Theorem 2.2.1 of [DPS Ol| by a Bergman kernel method. The choice of such 
approximations corresponds in some sense to the most singular approxima- 
tions asymptotically. The following proposition makes this assertion more 
precise. 

Proposition 2.2. Let 9 + d(Fipi^9 + d(F'^2 be two positive currents on a 
compact Kdhler manifold X as usual. We assume that the quasi-psh function 
ip2 is more singular than ipi. Let {^2,1}^^! be an analytic approximation to 
ifi and let {(/?j^2}i^i be a quasi-equisingular approximation to ip2- For any 
closed smooth (n — l,n — 1) -semi-positive form u, we have 

(2.1) lim / (d(iVi,i)ac Am > lim / (ddVi,2)acAu 

i— >oo J J^r i— >-oo 

where {dd^(pi^i)e,c denotes the absolutely continuous part of the current dd'^^pi^i. 
Proof. It is enough to show that 



(2.2) / {dd" s.i) /\u> lim / ((id'=(/'i,2)ac A u 
Jx ' JX 

for any s G N fixed. Since {ipi,2\^i is a quasi-equisingular approximation 
to 932 J for any 5 > and m € N, there exists a A:o((^, m) € N such that 

(2.3) X{m(l + 5)(pk^2) Cl{rrnp2) for every k > kQ{6,m). 
Since ipi ^ ip2 and 93^,1 ^ Vii (2-3) implies that 

(2.4) I(m(l + 6)ipk,2) C I{m^s,i) 

for any s G N fixed and k > A;o((5, m). 

Using (2.4), we begin to prove (2.2). Let tt : X ^ X he a log resolution 
of 93s, 1. We can thus assume that 

where F is a M-normal crossing divisor. Using Lemma 2.1, (2.4) implies that 

(2.5) X(m(l + S)ipk,2 o vr) (g) 0{-J) C I{mifs,i o vr) = 0{- [mF\ ) 

for k > ko(6,m), where J is the Jacobian of the blow up tt. Since F is a 
normal crossing divisor, (2.5) implies that m(l + 5)dd'^ipk^2 on +[J] — [mFj 
is a positive current. Then 



{dd'^m{l + 5) ■ (pk^2 ° ■7r)ac A n < C + l^dd'^m ■ 97^,1 ° '^)ac A u 
X ' Jx ' 

for k > ko{d, m), where the constant C is independent of m and k. Therefore, 
if m — )• +00, we get 

(2.6) / (da!Vfc,2O7r)acAn<0(— ) + Ci(5+ / [dd^ifs,! o tt)^ A u 
Jx m Jx 
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for k > ko{6,m) and a constant Ci independent of m and k. Then 

/ {dd''ipk,2)3x:^U<0{ — )+Ci6+ I (ddVs,l)ac A 

Jx Jx 
for A; > ko{d, m). Letting m — )■ +00 and 5 — 0, we get 

lim / {d<fipk,2)ac /\U< {dd" ips, l)a;c A u. 
k-^°oJx Jx 

Thus (2.2) is proved. 



□ 



Remark. Assume that {^i^i}, {^{,2} are two quasi-equisingular approxima- 
tions to the same if. Proposition 2.2 impUes in particular that 

hm / (dd^(^j i)ac A'U= hm / 2)ac A -u. 

Thanks to Proposition 2.2 and the above remark, we can define a related 
cohomological product of closed positive (1, l)-currents. 

Definition 3. Let Ti, • • • ,Tk be closed positive (1, l)-currents on a compact 
Kdhler manifold. We write them by the potential forms Ti = 9i + dd'^ipi as 
usual. Let {v'ijlj^i be a quasi-equisingular approximation to ipi. Then we 
can define a product 

(Ti,T2,-- - ,Tfc) 
as an element in if>o (^) such that for all u G 

{Ti,T2,--- ,Tk)Au 

= lim / (6'i + dd''ipij)a^ A • • • A (6'fc + dd''ipk,j)ac A u 
Jx 

where A is the usual wedge product in cohomology. 

Remark. Thanks to Proposition 2.2 and its remark, the product defined 
here does not depend on the choice of quasi-equisingular approximation. 
Moreover the product here is smaller than the product defined by any other 
analytic approximations. 



3. Numerical dimension 

Using the product defined in the last section, we can give our definition 
of the numerical dimension. 

Definition 4. Let (L, 99) be a pseudo-effective line bundle on a compact 
Kdhler manifold X such that -^OtpiL) > 0. We define the numerical di- 
mension nd(L, as the largest t; S N, such that {(iQ^Y) ^ 0, where the 
cohomological product {{iQifY) is the v-fold product of iQy,(L) defined in 
Definition 3. 
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Let (L, ip) be a pseudo-effective line bundle on X of dimension n and 
nd(L, 93) = n. If moreover 93 is a quasi-psh function with analytic singulari- 
ties, it is not difficult to see that 

mL®X{mip)) 

admits a strictly positive limit by using the Riemann-Roch formula. When 
ip is just a quasi-psh function, H.Tsuji conjectured in [Tsuj that 

h?{X, mL(S)I(mip)) 

admits also a strictly positive limit. The main goal of this section is to prove 
that if nd(L, ip) = n, then 

^.^ h^jX, mL(g,I{mip)) ^ ^ 



For the more precise estimates, we first need to explain the construction 
of quasi-equisingular approximations by a Bergman Kernel method. Before 
doing this, we first prove a useful estimate which is essentially proved in 
|DP| in a more general situation. For the sake of completeness, we give the 
proof here with a more precise estimate. 

Lemma 3.1. Let A be a sufficiently large very ample line bundle on a pro- 
jective manifold X and let (L, ip) be a pseudo-effective line bundle. Let iprn 
be the metric on L constructed by the Bergman Kernel of H^{X,A + mL ® 
0{m(p)) with respect to the metric rmp. Then 

sm 

X{ ifm) C 1.{sip) for any m, s € N. 

m — s 

Proof. First of all, we have the following estimate on X: 



! Si 



^-2s-ip{x) _ / ^2{m-s)-<fi{x)-2m-<fi{x) 



:-v{x)<:^^-^m{x) J s.^(x)<:;Sm.-^^(x) 

< f e^^-v^e-'^^-v = h^{X, A + mL®Z{m^)) < +00. 
Jx 

Using the above finiteness, for any / G I{-^^(pm)x, we have 



I / I' < I I / j2 + / I / |2 e-^^™ 

< sup I / |2 • / e-^'^ + [ I / p e"^^^" < +00. 

Then / G X{sip). The lemma is proved. □ 
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We are going to construct a quasi-equisingular approximation to ip. Such 
type of approximations were implicitly constructed in [DPS OT] for the local 
case. Philosophically, we can generalize the local properties to the global 
case after tensoring by Kx- The Ohsawa-Takegoshi extension theorem and 
the Skoda theorem are two typical examples. In fact, at least in the pro- 
jective case, when 5 is a smooth zero divisor of a section of an ample line 
bundle then X \ 5 is Stein. So we can reduce the proof to the Stein case. 
The reason for tensoring with Kx is that the Lp' integral is globally well 
defined after tensoring by Kx- 

Proposition 3.2. Let X he a projective variety of dimension n and let uj 
he a Kdhler metric in H^'^{X,Q). Let {L,ip) (i.e. the metric on L is hoe~'^ 
for some smooth metric Hq and quasi-psh function ip) he a pseudo- effective 
line hundle on X such that nd(L, (p) = n. 

Let (G, he) he an ample line hundle on X with smooth metric he such 
that the curvature iQhQ{G) is positive and sufficiently large (e.g. G very 
ample and G — Kx ample). Let {Tp^q^i}i he an orthonormal hasis of 

H\X, 2PG + 2U®I(2V)) 
with respect to the singular metric h'Q ■ ■ e^^'*^. We define 

i 

Then there exist two increasing integral sequences pm +oo and Qm — >■ +oo 
with 

lim(gm - pm) = +00 and Qm - Qm-i > Prn - Pm^i for all m G N, 

such that {'/Jp^.g^lm^i quasi-equisingular approximation to ip for the 
current -^QhoiL) + dd'^ip. We denote (Pp^,,q„^ hy ipm for simplicity. 
Moreover, {(pm} satisfies the following two properties: 

(i) i?°(X,2P'"G + 2'?™L(g)X(2'?'"99„)) 
= {X, 2^'" G + 2«'" L (g) X(2''™ ip) ) 

for every m E N^. 

(ii) There exists a constant C > independent of G, sq, such that for all 
e > 0, we have 

lj^e^^{L) + eLo):,>G 

for m > mo(e). 

Proof. By Theorem 13.21, 13.23 of [Dem] . there exists two squences pm 
+00 and q-m — )• +oo with 

livaqm/Pm = +00 and qm - qm-i > Pm - Pm~i for ah m G N, 

such that {ipm} is an analytic approximation to ^p for the current ^0/ig(-L) + 
dd^ip, i.e. it satisfies property ii) in Definition 2. Lemma 3.1 implies that 
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{(fm} satisfies property (Hi) in Definition 2. To prove that {fm} is a quasi- 
equisingular approximation, it is enough to prove property (ii) in Definition 
2. 

We first prove that 

(2.1) Vp-l,?-! =^ ^p,q and ^p,q-l 4 ^p-l,q-l- 

Let A be the diagonal of X x X and 7ri,7r2 the two direction projections 
from X X X lo X. We define a new bundle on X x X: 

F = 2^'-V*G + 2P-^iT2G + 2«-^7r^L + 

with the singular metric 

2«-Vi*(<^) + 2«-S*(¥')- 

Since 2P~^G — Kx is enough ample, we can apply the Ohsawa-Takegoshi 
extension theorem from A to X x X for the line bundle F. Thus the following 
map is surjective: 

(2.2) {H^{X, {2P~^G + 2'i-^L) X(2''- V)))^ 

^ i7°(X, 2f G + 2U ® X(2V))- 
Let {fp-i,q-i,i}f=i be an orthonormal basis of 

H^{X, 2P-^G + 2''-^L X(2«- V)) 
with respect to the singular metric Ilq ^ ■ fi^ ^ ■ e~^^ ^'^ . For any 
g G H^{X, 2PG + 2^1 X(2V)), 

applying the effective version of Ohsawa-Takegoshi extension theorem to the 
morphism (2.2), we obtain the existence of constants {cij} such that 

9i^) = C^Cijfp-i,g-i,i{z)fp-i,q-ij{w))\,=y, 

i,j 

with 

Y,\ci,j\'' < Gi\\gf 

hi 

where Ci depends only on X and \\g\\ is the L^-norm with respect to the 
singular metric ■ h'^e~'^'^'^. By the Cauchy inequality, we have 

|5(2)I^2P.;,29 < (X]|Cijf )(X] |/p-l,g-l,i(^)/p-l,9-l,i(^)l^g'.ft20 

< C'l||5ll^(X] l/p-l,q-l,i(^)l^2P-l.;j2'J-l)^- 
i 

Thus for g with norm \\g\\ = 1, we have 



^ln|5(z)|2^p.^g, < + -l^ln(^ |/p_i,,_i,,(z)|2g,_i^g,_i) 

i 



21 

InCi 
29 
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By the extremal property of Bergman kernel, we obtain finally 

<^p-l,g-l ^ fp,q- 

The second inequality in (2.1) is obvious by observing that G is very am- 
ple. Thanks to the construction of Pm,Qm, (2-1) implies that ^Pm-i =4 Vm- 
Therefore ipm is a quasi-equisingular approximation to ip for the current 

We check the two properties listed in the proposition. Property (i) comes 
directly from the construction of ipm- Since nd(L, 99) = n and ipm is an 
quasi-equisingular approximation, the definition of the numerical dimension 
implies property (ii). 

□ 

The rest of this section is devoted to prove Proposition 1.1. The strategy 
is as follows. Thanks to property (ii) of the approximating sequence {^Pm}, 
we can construct a new metric on L with strictly positive curvatures and 
the new metric is much singular than in an asymptotic way. Proposition 
1.1 follows by the standard estimate for this new metric. Before giving the 
construction of this new metric, we first prove two preparatory propositions. 

Proposition 3.3. Let (p^ be the quasi-psh function constructed in Propo- 
sition 3.2. Then there exists another quasi-psh function ipm such that 

_ i 6 

sup (fimix) = 0, —Qi^^{L) >- u; and (pm 4 (Pm, 
xex 27r ^ 2 

where S is a strictly positive number independent of m. 

Proof. Let tt : X^, — >■ X be a log resolution of tpm- We can hence assume 
that 

^e^„o.(vr*(L)) = [£;] + C- 

where [E\ is a normal crossing divisor. Keeping the notations in Proposition 
3.2, we can suppose A to be a Q-ample line bundle such that c-i{A) = uj, 
and e to be a positive rational number in property (ii) of Proposition 3.2, 
i.e. 

Thanks to Proposition 3.2, 

(^®¥'m07r(7r*(L)) + e7r*a;)ac 

is a Q-nef class for m large enough. We can thus choose a Q-nef line bundle 
on Xjn such that 
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Thanks to property (m) of Proposition 3.2 and the cohomological fact that 
^m~^ • TT*A are uniformly bounded for all m, we can thus choose a constant 
6 > independent of e and m, such that 

(3.1) F;^>n5Fr'-vr*A 

Using the holomorphic Morse inequality (cf . |Dem| or |Tra] ) for the Q-bundle 

Fm — S ■ TT*{A) on Xm, we have 

(3.2) h'^iXm, kFm - k6 • vrM) > C—{F:1 - ndFl^r^ ■ tt* A) + 0{¥'-^). 

n! 

Combining (3.1) and (3.2), we get that Fm — 6tt*uj is pseudo-effective. In 
particular, if we take e < |, the pseudo-effectiveness of Fm — 5t:*uj implies 
the existence of a quasi-psh function ij^m on Xm such that 

(3.3) {t,*{L)) + d<f^m > ^7T*iO. 
ZTT Z 

Choosing a constant Ci such that 

sup (ifm OTT + 1pm + Ci){x) = 0, 

xeXm 

(3.3) implies that ipmOT^ix) + tpm{x) + Ci induces a quasi-psh function on X 
satisfying all the requirements in the proposition. We denote it by ipm- ^ 

Remark. The essential point here is the holomorphic Morse inequality. There- 
fore -^Qip^oTT is required to be rational. By using other techniques, Demailly 
and Paun proved in [DP 04| the same results for the case of a real class. 

Thanks to Proposition 3.3, we are going to construct a singular metric 
on L which is a kind of limit of ipm- We first recall the notion of upper 
semicontinuous regularization. Let J7 C and let {ua)aei be a family of 
upper semicontinuous fuctions Q — )• [— oo, -|-oo[. Assume that (uq) is locally 
uniformly bounded from above. Since the upper envelope 

U = sup Ua 

need not be upper semicontinuous, we consider its upper semicontinuous 
regularization: 

u*{z) = lim sup u. 
We denote this upper semicontinuous regularization sup(nQ). It is easy to 

a 

proof that if {ua}ael are psh fonctions with locally uniformly bounded from 
above, then sup(nQ) is also a psh function (cf. |Demj for details). 

a 

We need the following lemma. 

Lemma 3.4. Let ip be a quasi-psh fonction with normal crossing singulari- 
ties and let {ipi} be quasi-psh functions such that 

sup^j(z) < and dd'^ipi > —Cuj 
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for some uniform constant C independent of i. If (p ^ ipi for all i, then 

^ SUp(-0j). 

i 

Proof. Since has normal crossing singularities and is less singular than 
<y9i, '^i — ip are quasi- psh functions and 

(4.1) - V?) > -Ciw 

for some uniform constant C\ independent of i. 

On the other hand, since sup "02(2;) < and dd'^'^i > —Coj for a uniform 

zex 

C, by the standard potential theory, there exists a constant M such that 



ipi<M for all i. 

IX 

Therefore 

(4.2) / (V'i -^)<M' 

JX 

for a uniform constant M' . 

(4.1) and (4.2) imply the existence of a uniform constant C2 such that 

sup (V'i (2;) — v{z)) < C2 for all i. 

z&X 

Then (p ^ sup(V'i)- The lemma is proved. □ 

i 

The following metric will be useful in our context. Using the same ter- 
mology as above, we have 

Proposition 3.5. Let ip{z) = lim sup{{<pm+s{z))) ■ Then the new metric 
(p satisfies: 

i 5 

(5.0) — 05(L) > and (pm 4 <P 

for any m > 1. 

Proof. By Proposition 3.3, we have 



5 

2tt - 2 



Q^^{L)>-uj form>l. 



Then ^0^(L) > To check ipm ^ p>, it is enough to show that 

(5.1) < SUp(^TO+5) 

s>0 

by observing ip < sup(^^+s). Combining Proposition 3.3 and Proposition 

s>0 

3.2, we have 

(5.2) iprn ^ ^m+s ^ 'Pm+s for any m, s. 
Let TT be a log resolution of cpm- Then 

(5.3) (firnOT^ 4 <fim+s O TT ^ ipm+s O TT. 
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Thanks to Lemma 3.4, (5.3) implies that 

ifmOTT 4 SUp{if rn+s ° 71"). 
s>0 

By passing to tt*, (5.1) is proved. □ 

Using the new metric cp, we can give an asymptotic estimate. 

Proposition 3.6. Let (L, ip) be a pseudo-effective line bundle on a projective 
variety X of dimension n with nd(L, ip) = n. Then 

h^(X,mL®X{nup)) ^ 
hm — ^^-^ — — ^ > 0. 

m— >oo 

Proof. Lemma 3.1 imphes that for any m G N, 

m ■ 1^^ 

(6.1) /i°(X, mL ® I{mip)) > h^{X, mL ® I{— —^k))- 

Let tp be the metric constructed in Proposition 3.5. Then Proposition 3.5 
imphes that 

(6.2) h\X,mL®X{,^^^^--^k)) > h\X,mL^l{^^^—-ip)). 
for any k,m. Combining (6.1) and (6.2), we get 

(6.3) h^{X, mL ® I{m(p)) > h^{X, mL ® ^i^i^—^'P))- 

Since (6.3) is true for aU m and k, if we take k such that 2^*= » m, by 
applying ^@^{L) > proved in Proposition 3.5, (6.3) implies that 

h^{X,mL®X(mip)) 
hm — — ^ — ^ > 0. 

□ 



4. A NUMERICAL CRITERION 

Until now, we have two kind of numerical dimension of pseudo-effective 
line bundles: fnum(-^)¥') in Defintion 1 and more analytically nd(L,(/9) in 
Definition 4. We prove in this section that VmxmiL, (p) = nd(L, </?) when X is 
projective. Before giving the proof, we first list some properties of multiplier 
ideal sheaves which will be useful in our context. The essential tool here is 
the Ohsawa-Takegoshi extension theorem. 

Lemma 4.1. Let {L,(p) be a pseudo-effective line bundle on a projective 
variety X of dimension n and let {<Pk} be a quasi- equisingular approximation 
to ip. Let s\ be a positive number such that 

(*) + e')ip) = I+{ip) for any < e' < si 

Assume that A is a very ample line bundle and S is the zero divisor of a 
general global section of H^{X,A). We have the following properties: 
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(i) The restrictions 

(1.1) X(m(l + 5)^k) ^ AS, m{l + \s) 

(1.2) X(m(l + 5)(^) ^Z(5,m(l + 5)(^ Is) 

are weH defined for all m ^fi, 6 > 0, where if \s denotes the restriction of 
on S and I{S,ip \s) is the multiplier ideal sheaf associated to (p \s on S. 
Moreover we have 



I{S, (1 + e')^ Is) = 1(3, (1 + si)ip Is) for any < e' < si. 

(ii) {ipk Is} is also a quasi- equisingular approximation to ip \s- 
(Hi) If the restrictions are well defined, we have an exact sequence: 

^ I+{ip) 0{-S) ^ adfsi^) ^ I+{S, 95 Is) ^ 

for any < e < si, where 

^dfsi^), = {/ G a, / ^T^e-2(i+^)^ < +00} 

and I^{S,ip Is) is multiplier ideal sheaf Z^{ip\s) on S. 
(iv) adis{ip) = I+{ip) for any < e < si. 

Proof, (i) By the Notherian property, except for countably many s € M"*", 
we have 

lisip) = I{{s + 5)ip) 

for 5 > small enough. Therefore there exists a countable set / C such 
that for any t E M'^ , we can find an a E / such that 

(1.3) l{aip) =l{tip). 

Since / is a countable set, we can take S to be very general in such a way 
that the restrictions 

T{aip) ^I{S,a(p Is) 

are well defined for all a G /. Then (1.3) implies that (1.1) and (1.2) are 
well defined for all m,6 > 0. 

For the second part of (i), if the restrictions 

mi + S)ip) ^I{S,{l + 6)ip Is) 

are well defined, then the Ohsawa-Takegoshi extension theorem and (*) im- 
ply immediately that 

Z(5,(l + e')vP \s)=l{S,{l + si)ip Is). 

{ii) Since {(fk} is a quasi-equisingular approximation to ip, we have 

Z(m(l + 6)ipk) C X{mip) for any k > kQ{6,m). 



ifi \s is also psh if it is well defined. 
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Using (1.1), (1.2) and the Ohsawa-Takegoshi extension theorem, we have 

I{S,m{l + 6)ipk Is) Cl{S,rrup \s) for any k > ko{S,m). 

Therefore ipk \s is a quasi-equisingular approximation to if \s- 

{in) First of all, the Ohsawa-Takegoshi extension theorem implies the 
surjectivity of the sequence. We need only to prove the exactness of the 
middle term, i.e., for any f E Ox satisfying the conditions 

(1.4) ^eOx and / , Ij^l' e-^(^+^)'^<+oo, 
we should prove the existence of some e' > such that 

(1.5) j ^e-2(i+^')^ < +00, 



s 

|2 



where s is a local function defining S. In fact, if ^ G Oa;, then 



(1.6) j Y^Y^s < for any S>0. 



If we take e' = | in the left side of (1.5), then 
(1.7) / Ly!e-2(i+!^ 



s P 



by Holder's inequality, where 

„ = (2_2(l-l)i±l).(l + .).l = 12l±i!<4. 

Thanks to (1.4) and (1.6), the second line of (1.7) is finite. Thus (1.5) is 
proved. 

(iv) By the definition of X+ {(p) , we have an obvious inclusion 

adj|((^) Cl+{^p). 

In order to prove the equality, it is enough to show that for any / G X((l + 
e)(p)x, we have 

(1.8) £ ^^^"^'^^^"^^ < 

where s is a general global section of H^{X, A) independent of the choice of 
/ and X. 

(1.8) comes from the Fubini theorem. In fact, let {sq, • • • , stv} be a basis 
oiH^{X,A). Then 

N 

|si(x)p 7^ for any x G X. 

i=0 
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Taking {tq, • • • , tn} € C^^""^, we have 
(1.9) 



?=0 



L 



/ 



i=Q i=0 E IsiWP 

i=0 

1=0 



For any / G + e)(^)a; fixed, applying the Fubini theorem to (1.9), we 
obtain 

|2 



(1.10) ^^^^J^,-a....<+^ 



for a general clement s € //'^(X, A). Observing that + 6)99) is finitely 
generated on X, we can thus choose a general section s such that (1.10) is 
true for any f e + e)ip). The equality adj^f^) = I+((^) is proved. □ 

The next proposition confirms that our definition of numerical dimension 
coincides with Tsuji's definition. 

Proposition 4.2. // (L, ip) is a pseudo-effective on a projective variety X 
of dimension n, then 

^mxra{L,ip) = nd{L,ip). 

Proof. We first prove t'nuin(L, 99) > nd(L, (/?) by induction on dimension. 
If nd(L, ip) = n, the inequality comes from Proposition 3.6. Assume now 
nd(L, 99) < n. Let ^ be a general hypersurface given by a very ample line 
bundle and let {(fk} be a quasi-equisingular approximation to cp. Lemma 
4.1 implies that (pk \a is also a quasi-equisingular approximation to (p \a- 
Since is a general section and nd(L, (p) < n, we have 



lim / ((±e^^UrAu"-^-'>0 



where s = nd(L, if). Thus Definition 2 implies that 

(2.1) nd{A,L,p>\A)>s = nd{L,ip>). 
Notice moreover that the definition of i^rmra implies 

(2.2) {A,L,ip \a). 

Combining (2.1) and (2.2), the equality fnum(-^)¥') > iid(L,(/;) is concluded 
by induction on dimension. 
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We now prove Unum{L,ip) < nd{L,ip). Assume that z^num(L, = k. By 
definition, there exists a subvariety V of dimension k such that 

h?{V,mL C^lirrvp)) 

Mm — ^- v — ^ — ^ > 0. 

Let TT : X — )• X be the desingularization of the ideal sheaf oiV in X, and 
let V be the strict transform of V . 

By the Ohsawa-Takegoshi extension theorem, there exists a very ample 
line bundle ^ on X such that the following restrictions are surjective 

(2.3) i7°(X,A + m7r*(L)0X(mv?o7r)) ^ H^{V ,A + rm^*{L)®I{mipoT:)) 
for all m > 0. Fix a smooth metric /iq on L and let {ej_m} be an orthonormal 
basis oi H^{X, A + m'K*{L)(^l{rrup ott)) with respect to /ia • /lo'e"™'^"''- It 
is well known that we can take a smooth function ip independent of m on 
X such that ^ 

— i99(V' + lnV|ei,m|h^,h-) > -C7r*a;x. 

Then ^(V' + l^X] \^i,m\h^ h"^) induces a quasi-psh fucntion on X and we 
denote it by ipm- We claim that 

(2.4) hm /■(^e^^(L) + l^)^,Aa;"-^>0. 

We postpone the proof of (2.4) in Lemma 4.3 and conclude first the proof 
of Proposition 4.2. By Lemma 3.1, {ipm o tt} is a quasi-equisingular approx- 
imation to ip o IT. Thanks to the formula 

{^Pm} is a quasi-equisingular approximation to 93. Therefore (2.3) implies 
nd{L,ip) > k. Since i^num(-Z^; 92) = k hy assumption, we conclude that 
nd(L,99) > i>rium{L,(p). The proposition is proved. □ 

Remark. From the proof, it is easy to conclude that if Si, S2, Sk are 
divisors of general global sections of a very ample line bundle, then 

(*) nd(S'i n 5*2 n • • • n S'fc, L, 93) = max(nd(L, ip),n — k). 

In fact, if nd(L, Lp) < n — /c, by the same argument as above, ifm |sin52---n5fc 
is also a quasi-equisingular approximation to 93 |sin52n - n5fc- Then (*) is 
proved by simple calculation. 

We now prove Lemma 4.3 promised in the above proposition. 

Lemma 4.3. We have 

(3.1) lim /"(-^e (L) + l^)^^Aa;"-^>0. 

m-i>oo 2tt m 

^we can take a smooth metric on the exceptional divisor 0{—E), and the canonical 
section gives this function. See [Bou| for details. 
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tO 



Proof. Let {e^ ^} be an orthonormal basis of H {V, A+mir* {L)CS)I{mipo7r)) 
with respect to Ha ■ h^e-""fi°'' and let <f'„, = ^(V- + In^ Wi,Jl^,h^) which 

i 

is a psh function on V. Wc prove (3.1) in two steps. 
Step 1: We first prove that 

/^(ie,„(L)+i.)J„Au,»-' > y_(i-e,„„(L)+lu,)5. = c, 

for some constant Ci > 0. Noting that we abuse a httle bit the notation 
here. We denote L also for the pull back of L on X. 

In fact, there exists a Ci such that \V] ^ Ciw""^ in the sense of coho- 
mology class, and (^©v'ml-^) + m^)'^ push forward of a nef class. 

Therefore 

Since V is the strict transformation of V, we have 

We obtain thus the first inequality. 

We now prove the second equality. Since ^/^ is a smooth function on X, 
we have (dd'^V)ac = ddf^il). Therefore {ddPil))^^ has no contribution for the 
integral on F by a cohomological reason. We can thus suppose for simplicity 
that 

i 

and 

i 

Thanks to the surjectivity of (2.3) in Proposition 4.2 and the extremal prop- 
erty of Bergman kernels, 



i 

is thus a smooth function and does not vanish on V. Therefore (^0(p,„o7r)ac(-^^) |y 
and {■^&ip'^)aciL) \y are in the same cohomology class. The equality is 
proved. 

Step 2: We prove in this step the existence of a uniform constant C > 
such that 



X 



{^%'jL))i,>C form»l. 



A KAWAMATA-VIEHWEG-NADEL TYPE VANISHING THEOREM 19 

For any m fixed, since (/?^ is less singular than ip, we have 

(3.2) h^{V,A + sL^I{sip)) < h\V,A + sL^l{s<f'J). 
Notice that by the bigness of (y,L,Lp) we have 

s-^oo s 

for some constant Co > 0. Then (3.2) implies 

(3.3) h^{V, A + sL^ Asip'^)) > h°{V, A + sL^ Asif)) > Cqs^ 

for a sequence s ^ oo. 

On the other hand, since ip'^ has analytic singularities, we have 

(3.4) h\V, A + sL® X{s^'J) = C^s^ j^{l-Q^,jl + 0{s^-') 
for m 3> 1. Combining (3.3) and (3.4), we get 



/^(^0v^J„(^))^ > §J > form»l. 
Step 2 is proved. 

Combining Steps 1 and 2, the lemma is proved. □ 



We now give a numerical criterion to calculate the numerical dimension. 

Proposition 4.4. Let {L, ip) be a pseudo-effective line bundle on a projectvie 
variety X, and let A be a very ample line bundle. Then nd(L, ip) = d if and 
only if 

\n( lim ) 

lim = n — a. 

e^o In e 

Proof. First of all, the inclusion 

H^{X, meA + ml <^ ^irmp)) D H^{X, meA + mL (g) larrup)) 

D H^{X, meA + mL0l{{m + l)p)), 

implies that h^{X,meA + mL^Z^{rrnp)) has the same asymptotic comport- 
ment as h'^{X,meA + mL ®X{mip)). Since we have constructed the exact 
sequence for X+ in Lemma 4.1, we prefer to calculate hP{X,meA + mL (8) 
I-i-{m(p)) in the following argument. 

If nd(L, ip) = n, the proposition comes directly from Proposition 4.2. 
Assume now that nd(L, i^) = d < n. Let be n general sections of 

H^{X, A). By the remark of Proposition 4.2, there exists a uniform constant 
C > such that for all m, e, 

(4.1) /i°(yi n • • • nYn-d,meA + mL0l+{mip)) = C{e,m)m'^. 
and C{e,m) > C. We prove by induction on s that 

(4.2) —^h^O^i n • • • n Fs, meA + mL® Turnip)) 
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= C(e, m)e'^-*-'^^ ] + 0(e"-^-'^+^) + O(-) 

[n — d — s)'. m 

for < s < n — d, where the constant C(e, m) is the same constant in (4.1), 
in particular it does not depend on the codimension s. 

li s = n — d, (4.2) comes from the definition of C(e, m). We suppose that 

(4.2) is true for so < s < n — d. We now prove that (4.2) is also true for 
S = So - 1. 

Let Y be the intersection of zero divisors of sq — 1 general elements of 
H^{X,A), and let 

(4.3) e1'\e, m) = ^^^^ h^{Y n Fi n • • • n Fg, meA ®mL® I+{m(p)). 
We claim the formula: 

(4.4) _l_h'^(Y,meA + mL®I+{m^)) 

= ^(y (-l)''e?'^(e,"i)) + 0{-). 

We postpone the proof of (4.4) in Lemma 4.5 and conclude first the proof 
of the formula (4.2). First of all, ii q > n — d — sq + 1, we have by definition 

(4.5) lim ^J^e?'^(6) = 0(6«) < 0{e^-'^-^o+2y 

)n hypothesis of (4.2) implies 
-hP{Y, meA + mL (g) I+{mip)) 



Thus (4.4) and the induction hypothesis of (4.2) implies that 

1 



n-so+l 



n-d-so+1 n-d-so+lrlf 'm^ 1 

~l q\{n-q- so + l-dy/ ^ ' ^m' 



(n-so + l-a)! ^ \ g J m 



= C(e, m)e"-''-^o+i- + 0(e"-'^-^°+2) + 

(n — a — So + 1)! m 

Therefore (4.2) is proved for s = so — 1. 
In particular, since (4.1) implies that 

lim lim ^/i°(Yi n • • • Pi y„_rf, me^ + mL ® I+(m(/9)) > 0, 

by taking s = in (4.2), we obtain 

lim lim — ^/i°(X meA + mL (g) I+(m(p)) > 0. 
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The proposition is proved. □ 
We now prove the formula (4.4) promised in the above proposition. 

Lemma 4.5. We have 

1 1 

-^^3^/iO(y,meyl + mL®X+(m99)) = ——^e['\e,m) 

■^0+^ ^-^ m 

Proof. Thanks to (iii), (iv) of Lemma 4.1 and the section 4 of [K], OyiTnL® 
X-f (?7i(/9) ) is resolved by 

(*) OyimeA + mL 1+{mLp)) -^(Bi<i<meC>YnYi{fnGA + mL<SiI+{rrnp)) 

®i<h<i2<meOYr\Yi^r\Yi,^ (meA + mL ® Z+{mLp)) 
■ ■ ■ 

Then 

(5.1) H^{Y, mL (g) T+inup)) = M^{e, m) 

where Bl'^(e,m) represents the hypercohomology of (*). 

We now calculate the asymptotic behaviour of on the both sides of (5.1). 
The Nadel vanishing theorem implies that 

(5.2) lim ^-—h^{Y,mL'S>l+{mip)) = for any k>l. 

Moreover, since we assume that nd(L, h) = d < dimy, we have 

(5.3) lim 3— — /i°(y,mL(g)X+(mv?)) = 0. 

m— )-oo ?7i" ■50+-'- 

By calculating the asymptotic cohomology on both sides of (5.1), the equa- 
tions (5.2) and (5.3) imply in particular that 

(5-4) lim ^(-l)"/^"(e,m)=0, 

k 

where h^{e,m) denotes the dimension of El'^(e, m). 
For the right side of (5.1), we have 

1 / 7ne\ 

lim — - ]hP(Y r\Yin---r\Ya,meA^mL®I+(rrnp)) = 

for every p > 1 by Nadel vanishing theorem. If p = 0, then 

I /i°(y n Yi n • • • n y,, me a ®mL® X+{nnp)) = e°'^(e, m) 
by definition. Thus (5.4) implies that 



lim — 

m— >oo 777, 



^—^[Y.{-iye^^\e,m)) = for any e > 0. 
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Then 

1 1 

{Y,meA + ml ^ I+{mip)) = , e{ (e,m) 



□ 



Remark. Let L be a pseudo-effective line bundle on a compact Kahler man- 
ifold. S.Boucksom defined in |Bou] a concept of numerical dimension nd(-L) 
of pseudo-effective line bundles without metrics. Let (/?min be a positive 
metric of L with minimal singularity. Proposition 4.4 implies in particular 
that 

nd(L) > nd(L,v9min)- 
The example 1.7 in [DPS 94] tells us that we cannot hope the equality 

nd(L) = nd(L,(^min). 

In that example, the line bundle L is nef and nd(L) = 1. But there exists a 
unique positive singular metric h on L with the curvature form 

^e,(L) = [c], 

where C is a curve on X. Therefore ipmin = h. Moreover, since h has 
analytic singularities, we have nd(L,(/3min) = by definition. Thus 

nd(L) > nd(L,v9min). 

Remark. The example 3.6 in [Tsu| tells us that we cannot hope the following 
equality: 

— lnh'^{X,A + mL(^I{nup)) , 

sup lim = nd(L,(/3), 

^ m->-oo In m 

where A runs over all the amples bundles on X. In fact, H.Tsuji defined a 
closed positive (1, l)-current T on P^: 



i=i j=i 

where {Pij} are distinct points on P^. There exists thus a singular metric tp 
on L = 0{1) with ^0<^(L) = T. It is easy to construct a quasi-equisingular 
approximation {fk} to ip such that 

i=i j=i 

Then nd(L, ip) = 0. 

On the other hand, thanks to the construction of ip, we have 

^ h°{F\0{s + m)(g)I{mip)) _ — h^{F\0{s + A'' - I) - l)(p)) 



m 
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for every s > 1. By construction, 

X((4'= - 1)^), = 

for X ^ {-Pij}i<fe-i, and I((4^ - l)ip) has multiplicity \_^-^\ = 4^^"* - 1 on 
3'"^ points {Pi,i,...,Pj3i-i}. Therefore 



fe-i 



^°(P\ 0(s + 4^= - 1) ® X((4'= - 1)(^)) = s + 4^= - ^ 3i-i(4fe-i _ 1) 



Then 



Therefore 



— hih^{T^,A + 0{m)®X{mip)) In 3 

sup lim ^ — ^ — ^ — = . 

^ m^oo mm ln4 

, , — \nh^{F\A + Oim)^I{mip)) 

nd(L, (^)^sup lim ^ ^ —. 

^ m-)-oo In m 

5. A Kawamata-Viehweg-Nadel Vanishing Theorem 

In this section, we will prove that given a pseudo-effective line bundle 
(L, (p) on a compact Kahlcr manifold X of dimension n, then 

HP{X, Kx<^L0 Z+{ip)) =0 for p > n - nd(L, ip) + 1. 

The main advantage of this version of the Kawamata-Viehweg-Nadel van- 
ishing theorem is that we do not need any strict positivity of the line bundle. 
In our case, we just suppose that X is a compact Kahler manifold and (p is 
a quasi-psh function such that ^Qy,{L) > 0. But as a compensation, we 
need the multiplier ideal sheaf I+{(p) instead of X(<^). 

When X is projective, the proof of our vanishing theorem is much easier. 
We first give a quick proof of this vanishing theorem in the projective case 
by the tools developed in the previous sections. First of all, we prove the 
vanishing theorem in the case nd(L, ip) = dimX. 

Proposition 5.1. Let {L,ip) a pseudo-effective line bundle on a smooth 
projective variety of dimension n with Jid{L,ip) = n. Then 

H\X,Kx + L(g) l+{p)) = foranyi>0. 
Proof. Fix a smooth metric ho on L. (L, ip) is pseudo-effective means that 

±.Q^{L) = ^B„,{L)+dd'ip>0. 

Since ■^Q^(L) is not strictly positive, we need to add a portion of the metric 
ip constructed in Proposition 3.5 to make the new curvature become strictly 
positive. We will see that this operation preserves (ip) . 

First of all, by the definition of I+, there is a (5 > such that 

X+(^)=X((l + %). 
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Let if be the psh function constructed in Propositon 3.5. For any e > 0, we 
define a new metric 

on L where < cr(e) ^ e. Since ddP^p > —cu for some constant c, H the 
condition cj(e) <^ e impUes that 

^e(i+,(,)_,)^+,^(L) = (l + cT(e)-e)^e^(L) + e^G^(L) + a(e)ddV > 0. 
Applying the standard Nadel vanishing theorem on 
(X,L,X((l + a(e)-e)(^ + 

we get 

(1.1) H'{X,Kx + L(g)I{{l + a{e)-e)ip + e^)) = for f > 0. 
On the other hand, it it not hard to prove that 

(1.2) I+{ip) =I{{l + a{e) -e)ip + e^p) for e < 1. 

We postpone the proof of (1.2) in Lemma 5.2 and conclude first the proof 
of Proposition 5.1. Taking e small enough, (1.1) and (1.2) imply the propo- 
sition. □ 

Lemma 5.2. If e is small enough, then 

I+{ip)=I{{l + aie)-e)ip + €^). 

Proof. By Proposition 3.5, we have ^ ^- Therefore 

(1 + cr(e) - e)ipm + e^Pm ^ (1 + o-(e) - e)(p + etp, 

which implies that 

(2.1) I((l + a(e) - e)ip + e^) C X((l + cT(e))^„). 
Notice moreover that Lemma 3.1 implies that 

(2.2) Z((l + a(e))(/p„) cZ+(v?) 

for m large enough with respect to cr{e). Combining (2.1) and (2.2), we 
obtain 

Z((l + cT(e)-e)v9 + e^) CX+((^). 
For the other side inclusion, we take / E I+{ip)x, i.e., / satisfies 

(2.3) / I / |2 e-2(i+^)^ < +00. 
We need to prove that 

/GX((l + a(e)-e)(/. + e^),. 
Since ^ is a quasi-psh function, by taking e small enough, we have 

(2.4) / e^^t^ < +0O. 



^In our context, is a function on X, then ■^Q^{L) — ■^Qho{L)+dd'''P > 0. Therefore 
dd'^ip > —coj. 
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Therefore (2.3) and (2.4) imply that 

f I y |2 g-2(l+(T(e)-e)¥'-2e^ 

< [ I / I' e-2(i+'5)^ / e-2f^ < +00 

by Holder's inequality. Then / G I((l + a{e) — e)ip + elp), and we obtain 

I+{ip) C + a{e) - e)ip + e^) for e < 1. 
The lemma is proved. 

□ 

Using Proposition 5.1, we now prove a Kawamata-Viehweg-Nadel type 
vanishing theorem by induction on dimension. 

Proposition 5.3. Let (L, if) be a pseudo-effective line bundle on a projective 

variety X of dimension n. Then 

HP{X, Kx+L^ ^+{^)) =0 for p>n- nd(L, ip) + 1. 

Proof. If nd(L, if) = n, the proposition has already been proved in Proposi- 
tion 5.1. 

Assume now that nd(-L, (f) < n. Let ^ be a sufficient ample line bundle 
large enough with respect to L, and let S be the zero divisor of a general 
section of H^{X,A). Let e > be small enough such that the condition of 
(iv) of Lemma 4.1 is satisfied (by Lemma 4.1, such kind of e is independent 
of A ! ) . Then we have an exact sequence: 

(3.1) ^ I+{ip) ® 0{-S) ^ adfsi^) ^ I+{S, <fs) ^ 0. 

By (iv) of Lemma 4.1, we have 

adj5(</f) =I+{v)- 
Then (3.1) induces the following exact sequence: 

H'i{S,Ks+L®I+{^\s)) ^ H'i+\X,Kx+L0l+iv)) ^ H'i+\X,Kx+A+L<^I+{<p)), 
for every q. Taking A to be sufficient ample, we have 

H'i+\X, Kx+A + L0 X+((^)) = 
by Nadel vanishing theorem. Thus the above exact sequence implies that 

Hi{S, Ks + L® X+(<^|5)) ^ H'i+\X, Kx + L® T+{ip)) 
is surjective. The proposition is proved by induction on dimension. 

□ 

Remark. We can also prove that 

H'{X, Kx + A + L® adj|(</?)) = for i > 0, 
which gives another proof of this theorem. 
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The main goal of this section is to prove our vanishing theorem in the 
Kahler case. For this, we combine the methods developed in |Mou] and 
[DP] . First of all, we prove that is essentially with analytic singularities. 
More precisely. 

Lemma 5.4. Let (L, ip) be a pseudo-effective line bundle on a compact 
kdhler manifold X. Then there exists a quasi- equisingular approximation 
Wk} of if such that 

(4.1) X((l + = X+M for k » 1. 

Proof. By [DPS 01] . there exists a quasi-equisingular approximation {(pk] 
of (p. The comparison of integrals techniques discussed in [DPS 01] implies 
that we can choose a subsequence such that 

(4.1) Z((l + ^)^^(fc))cX+(v?). 

In fact, if X is projective, we take s = 1 + e and a subsequence {/(fc)}^i 
for f{k) ^ k m. Lemma 3.1. Using Lemma 3.1, we get the inclusion (4.1). 
If X is just a compact Kahler manifold, we can get the same inclusion for 
some Stein neighborhood. Using the glueing techniques, we obtain also the 
inclusion (4.1). (see [DPS 01] for details) 

On the other hand, since 93^ is less singular than 93, the definition of T+if) 
implies that 

I{{l + ^)^f^k))Dl+{ip) for/c»l. 
The lemma is thus proved. 

□ 

The following lemma will be important in the proof of our Kawamata- 
Viehweg-Nadel vanishing theorem. The advantage of the lemma is that to 
prove the convergence in higher degree cohomology with multiplier ideal 
sheaves, we just need to check the convergence for some smooth metric. 

We first fix some notations. Let (L, ip) be a pseudo-effective line bundle 
on a compact Kahler manifold X and let U = {Ua}aei be a Stein covering 
of X. We denote Uaoai---ag = D ■ ■ ■ D Ua^ and C"?(W, Kx ®L® X+((/?)) 
the Cech g-cochain associated to Kx ® L ® Xj^{ip). For an element c G 
^{U, Kx (8) -L (8) X+ ((/?)), we denote its component on Uaoax - aq by 
Let 

be the Cech operator, and ZP{U,I+{ip)) = Ker^p+i. 

Lemma 5.5. Let L be a line bundle on a compact Kdhler manifold X and 
ip a singular metric on L. Let {Ua}ael a Stein covering of X. Let u be 
an element in HP{X, Kx + L(S'I+{'p))- If there exists a sequence {vk}^^i C 



A KAWAMATA-VIEHWEG-NADEL TYPE VANISHING THEOREM 27 

C'^{U, Kx L®Z^{ip)) in the same cohomology class as u satisfying the key 
convergent condition: 



(5.1) lim / \Vk,ao...ap\ ^0, 



fe— >oo 



where the norm \v\'^ in (5.1) is taken for some fixed smooth metric on L, 
then u = in HP{X, Kx+L(g, I+{ip)). 

Proof. On the p-cochain space CP{U,I^{ip)), we first define a familly of 
natural semi- norms: for / G C^(W,Z_|_((^)), we define a family of semi- norms: 



Jv 



a;"| any open set V mUao...ap}- 

We claim that C^(iY,X+(y?)) is a Prechet space with respect to the family of 
semi-norms as above. 

Proof of the claim: We need to prove that if /j G ^+(9?) and fi — > /q 
in the family of the above semi-norms, then /q G (</?). First of all, by 
the definition of the semi-norms, /o is holomorphic. By Lemma 5.4 we can 
choose a quasi-psh function ^ with analytic singularities such that 

X(V')=X+((^). 

Let TT : Xk — > X be a log resolution of ip. Then the current E = [dd'^{tp OTr)\ 
has normal crossing singularities. Since fi £ = IH^), we have 

(5.2) ^f.on)-J eO{-E), 

where J is the Jacobian of tt. Since /j o vr ^ /o o tt in the sense of weak 
convergence and E has normal crossing singularities, (5.2) implies that 

(/oott). JgO(-S). 

Therefore /o G I+{(p). The claim is proved. 

As a consequence, the Cech operator 6p is continuous and its kernel 
ZP-'^{U,I+{^p)) is also a Prechet space. Therefore we have a refined contin- 
uous morphism between the following two Prechet spaces: 

Since the cokernel of 6p is HP{X, {Kx + L) ®Xj^{ip)) which is of finite di- 
mension, by the standard Predholm theory, the image of 5p is closed. Thus 
the quotient morphism 

ZP{U,Z+{^)) 



(5.3) ZP{U,X^{^)) 

Im(5p) 



Im((5p) 

is continuous. By observing ^"i^'^tS^^^ = HP{X,Kx + L^I+{ip)), (5.3) 
implies that 

(5.4) ZP{U,I+{cp)) ^ HP{X,Kx + L®X+{ip)) 

is continuous. 
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Thanks to the claim, the condition (5.1) imphes that {vk}'^i tends to 
in the Frechet space ZP{1/{ ,I^{(p)). Therefore their images in HP{X,Kx <8> 
L tend to by the continuity of (5.4). Since by construction their 

images are in the same class [u], we conclude u = in H^^X, Kx®L(^Zj^[(p)). 

□ 

Remark. The essential point here is that for the quasi-psh function (p without 
analytic singularities, we should consider X+((/j) instead of X((/j). We do not 
know whether this lemma is also true for T{(p). 

We prove Theorem 1.3 in the rest of this section. Since ip has not neces- 
sarily analytic singularities, this makes troubles when we use estimates. 
Therefore we replace <y9 by a quasi-equisingular approximation. Thanks to 
Lemma 5.4, we can keep 1j^{ip) by the metrics (1 + |)<^fc with analytic sin- 
gularities. We should also use a Monge- Ampere equation to construct other 
metrics (pk of which we can control the eigenvalues. Therefore we can use 
estimates for every (pk- By some delicate analysis, we can prove the theorem. 
This idea comes from [DPj and |Mouj . We will construct the key metrics 
(pk in Lemma 5.6 and prove some important properties of (pk in Lemma 5.7 
and 5.8. We prove finally the vanishing theorem in Proposition 5.9. 

Lemma 5.6. Let {L, ip) be a pseudo-effective line bundle on a compact 
kdhler manifold {X,uj) and let p > n — nd{L,ip) + 1. Then there exists a 
sequence of new metrics {^fcl^Li with analytic singularities on L satisfying 
the following properties: 

(i) I{(pk) = I+i<p) for all k. 

(ii) Let Xi^k ^ ^2,k ^ ■■■ ^ ^n,k be the eigenvalues of i^Q(^^{L) with 
respect to the base metric oj. Then there exist two sequences ^ 0, — )• 
such that 

<^k^Tk + - and Ai,fc(x) > -efc - — - Tfc 

for all X ^ X and k, where C is a constant independent of k. 

{Hi) We can choose /? > and < a < 1 independent of k such that for 
every k, there exists an open subset Uk of X satisfying 

Yol{Uk) < and Xp + 2ek > on X \ Uk- 

Proof. Recall that we first fix a smooth metric /iq on L. Then given a new 
metric (p as a form of function, we just means that the hermitian metric 
form on L is /loe""^. 

By definition, there exists a si > such that 

(*) I+{^)=I{{1 + Sl)ip). 

Let ipk be the quasi-equisingular approximation of ip in Lemma 5.4. Then 
there is a positive sequence — )• such that 

(6.1) i^Q^,{L) > -TkOJ and X((l + hpk) = 
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for every k. We can also choose a positive sequence Ck —>■ such that 

efc > Tfc + p 

We begin to construct new metrics by solving a Monge- Ampere equation. 
Let TT : Xk — > X be a log resolution of ipk- Then dd^{ipk o vr) is of the form 
[Ek] + C°° where [E^] is a normal crossing Q-divisor. Let = 7r*(£'fc). By 
[Bou] ■ there exists a smooth metric hk on [Ek], such that for all 5 > small 
enough, 

n*{u:) + 6^eh,{-Ek) 

is a Kahler form on Xk- Therefore, fixing a positive sequence 5k — )• 0, we 
can solve a Monge- Ampere equation on Xk'- 

(6.2) ((-Lv,*e^^(L))^^ + ek7r*u + 5fc^G/,,(-i?fc) + d<fi,k,e,5,T 



C{k,6,e)-el-\uj + 5k—Qh,{-Ek)Y 



with the condition 



sup [^Pk ° + '4'k,e,5k + 41n|£^fcUJ(2;) = 

where d = nd(L,99). Thanks to the definition of the numerical dimension, 
there exists a uniform constant C > such that C(A;, 5, e) > C. By observing 
moreover that 

idd\Ti\Ek\h, = [Ek] + ^Qh,{-Ek), 
the equation (6.2) implies 

We define now a new metric on (Xjt,7r*L) by (i.e. h^e"^'^ as a metric 
form ! ) 

2 

(6.4) (^fc = (1 + - - s)ipk o vr + s(99fc o vr + V-fc.e.^ + 5\n \Ek\h^) 

where s is a constant sufficient small with respect to si. s will be made 

precise in Lemma 5.7. Then 

(6.5) 

= (l-^)^0^.(^*^)+^^0^.+^.,.,.,+4ln|i?.|.Jvr*L) + ^ddVfc. 

(6.3) gives the estimate for the second term of the right hand side of (6.5). 
For the last term of the right hand side of (6.5), since ipk is a function on X 
satisfying 

-^^VkiL) = ^OhoiL) + dd^ifk > -cu, 

we have 

dd'^ifk > —Coj 
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for some uniform constant C. Then 

i C 
(6.6) —Q0^{'K*L) > -ekUJ - TkUi - —u. 

Thus (pk induces a quasi-psh function on X by extending it from X \Zk to 
the whole X. It is the metric that we want to construct. We denote it also 
ipk for simplicity. We will prove properties (i) to (Hi) in Lemma 5.7 and 
Lemma 5.8. □ 

Lemma 5.7. If we take s in (6.4) small enough with respect to si in (*) of 
Lemma 5.6, then 

I I/I V^^'^ < q^i,^ / (|_^|2g-2(i+.o^)iTir 

Ju Ju 
for all U in X and k ^ 1, where C^f^^^ is a constant depending only on 
|/|loo (in particular, it is independent of the open subset U and k). As a 
consequence, we have 

X{(pk) = for any k. 

Proof. Thanks to (6.3) in Lemma 5.6, we can extend (/^fc + ^/'fc^e^^j. +(51n \Ek\hy. 
to the whole X, satisfying the same inequality. Then the condition 

sup((/?fe + V'fe,e,5 + (^feln|£;fc|/iJ(x) =0 
and (6.3) in Lemma 5.6 imply the existence of a > such that 



IX 

is uniformly bounded for all k. 

By Holder's inequality and the construction (6.4) in Lemma 5.6, we have 

(7.1) / |/pe-2^'= < 

Ju 

Ju Ju 
for k ^ 1, where U is any open subset of X. If we take s > satisfying 

^^^^ < a, then the uniform boundness of e-^"('^'=+^'='^'«fc+'^'=^°l^'=l''fc) 
implies that 

(7.2) / |/|2e-^^^^^'= 1^'='''*^ < C- |/|loo 
Ju 

for any U C X and A; S> 1. Combining (7.1) and (7.2), we have 

(7.3) / |/|V2^'=<q;|,^(/ \f\\-^i^+si)fk^T^ 

Ju Ju 

<C\f\Uf |/|V2(i+^i)^)^. 

for some constant C|/|^cx, independent of the open subset U and A; S> 1. 
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We now prove the equality T{(pk) = Z+{ip). The inclusion X{(pk) D 
comes directly from (7.3). By the construction, (pk is more singular than 
(1 + \)'^k- Then equality (6.1) in Lemma 5.6 implies that X{(pk) C Xj^{(p). 
The lemma is thus proved. 

□ 

The following lemma was essentially proved in |Mouj . 

Lemma 5.8. The new metrics {^fclfcLi satisfy properties (ii) and (Hi) in 
Lemma 5.6. 

Proof. Let Ai(2;) < A2(-z) < ■ ■ ■ < A„(z) be the eigenvalues of the new metric 
{X,L,i^k) with respect to the base metric u for simplicity, ( i.e. Aj here is 
equal to Xi^k in Lemma 5.6, since the proof is for fixed k, the simplification 
here will not lead misunderstanding.) By (6.6) in Lemma 5.6, we have 

C 

Let Aj = Xi + 2efc. Since s is a fixed positive constant, the Monge- Ampere 
equation (6.2) implies that 

(8.1) flXdz)>C{s)el-' 

1=1 

where C(s) > does not depend on k. Since p > n — d, we can take a such 
that < Q < 1 and n — d < ap. 
Let 

Uk = {zeX\ Xp{z) < et}. 

Since » r^. + ^, we have Xi{z) = Xi{z) + 2efc > for any z and i. Thus 
the cohomological condition 

/ (Ai + As + • • • + An)u;" < M 
Jx 

implies that 

(8.2) / (Ai + A2 + --- + An)w" <M. 
Observe that (8.1) and the definition of Uk imply that 

n—d 

n > C{s)^ for z e Uk. 

p+l<i<n ^ 

Then 

(8.3) Yl ^^(^) ^ for z € Uk 

p+l<i<n ^ 
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by the inequality of arithmetic and geometric means. Applying (8.3) to 
(8.2), we have 

I' e""'^ 1 

(8.4) / (-V)~^"<M'. 

Since n — d < ap, (8.4) implies the existence of /3 > such that 

vol(C/fc) < ef . 

The lemma is proved. □ 

We now prove the final conclusion. 

Proposition 5.9. Let (L, ip) be a pseudo-effective line bundle on a compact 
kdhler manifold {X, oj) . Then 

H'\X, Kx<S)L(S) X+{ip)) = for p>n- nd(L, ip) + 1. 

Remark. One of the reason to use I-\-{(p) instead oiZ{ip) is that it does not 
seem to be easy to prove that 

HP{X,Kx (S)L^I{ip)) = forp>l 

even when X is projective and nd{L,(p) = dimX. 

Proof. We prove it in two steps. 
Steps 1: Estimates 

Let {(pk}'kLi be the metrics constructed in Lemma 5.6, and let [u] be 
any element in HP{X,Kx ® L (8) ((/?)). Let / be a smooth (n,p)-form 
representing [u]. Then 

f < +00, 

Jx 

for the constant si in (*) of Lemma 5.6. Lemma 5.7 implies that 

(9.1) / |/pe-2^'= <C{f |/|2e-2(i+si)^)i^ 
Ju Ju 

for any open subset U oi X and k ^ 1, where C is a constant independent 
of U and k (but certainly depends on Ifl^oc). We now use the method 
in [DPj to get a key estimate: we can write 

(9.2) f = duk + Vk 

with the following estimate 
(9.3) 

^n,|2e-2^. +^ [ |^;,|2e-2^.- < f ^ ^|/j2e-2?fc^ 

X '^P^k Jx Jx Ai,fc + \2,k H \- Ap,fc 

for Aj^fc = Xi^k + 2efc. This comes from the Bochner inequality: 
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where is the singular locus of yjfc in X. (see [DP] or the appendix for 
details) 

Using (9.3), we claim that 

(9.4) lim / |t;fcpe~2^'= 0. 

Proof of the claim: Properties (ii), (iii) in Lemma 5.6 and (9.3) imply that 
X ^P^k Jx 



Jx JUk '^2efc 

Then 

(9.5) / bfcpe-2^'= <C3e^-" / 1/1^2^'=+ C4 / l/jV^^^ 
Jx Jx JUk 

Since vol(JJk) — t- by property (iii) of Lemma 5.6, (9.1) implies that the 
second term of the right hand side of (9.5) tends to 0. Reminding that 
< a < 1 and — )• as — > cx), (9.1) implies thus that the first term of 
the right hand side of (9.5) also tends to 0. The claim is proved. 
Step 2: Final step 

We use Lemma 5.5 to obtain the final conclusion. Let U = {Ua}aei be 
a Stein covering of X. Thanks to (9.4), we get a p-cycle representative of 
each Vk by solving 9-equations, i.e., vj. can be writen as 

Vk = {Vk 

satisfying the conditions: 

(9.6) / Kao-.-afe-'^" <C [ \vk\'e-^^^ 



UoiQ...ap JX 



where C does not depend on k. (9.6) and property {i) in Lemma 5.6 imply 
that {ufcl^i are all in C^iU, Kx (8) L®X+{lp)). 
Since (pk < 0, (9.4) and (9.6) imply that 

(9.7) ,lim / \vkM...i,? = 



By (9.2), {vk}^i are in the same cohomology of u. Using Lemma 5.5, (9.7) 
implies that [u] = 0. Since we choose [u] as any element in HP{X, Kx ®LiS> 
I^{ip)), the proposition is proved. 

□ 



6. Appendix 



For the convenience of reader, we give the proof of estimate (9.3) in Propo- 
sition 5.9, but the proof is just extracted from [DP] , 
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Proposition 6.1. Let {X, uj) be a compact Kdhler manifold and let (L, hoe~'^) 
be a line bundle on X where ho is a smooth metric on L and the quasi-psh 
function (p has analytic singularities and smooth outside a subvariety Z. 
Assume that 

^%{L) > -euj 
on X\Z , and f is a smooth L-valued {n,p)-form satisfying 

f |/|V2W<oo. 
Jx 

Let Ai < A2 < < \n be the eigenvalues of -^Q^^L) and = Aj + 2e > e. 
Then there exist u and v such that f = du+v and with the following estimate 

I \ufe-^^dV + — [ \v\^e-^^dV< [ ^ ^ ^l/jV^W. 

Jx 2pe Jx Jx Ai + A2 + • • • + Ap 

Proof. Let Wi be a complete Kahler metric on X \ Z and ojs = + Soji for 

some 6 > 0. We now do the standard L^ estimate on {X \ Z,ujs, L, cp). 

If s is a L-valued {n,p) form in C^{X \ Z), then the Bochner inequality 
implies that: 

(1) \\ds\\l + \\d*sfs> [ (Ai + A2 + --- + Ap-2pe)|s|V2^a;^ 

Jx\z 

where = \s\^e~^'^ojg. Notice that there is an abuse of notion here. 
We calculate the norm |up by the metric (or the volum form) in the equa- 
tions. For example, if the volum form is cu^, then we calculate the norm of 
u by the metrics ujg and ^o- 

Since / is a (n,p)-form, the condition J"^ l/pe^^^'o;" < -|-oo implies that 

f e L'^{X\Z,L,ip,LUs) for(5>0. 

We write every form s in the domain of the extension of 5* as s = si -|- S2 
with 

si G Ker9 and S2 G (KerS)"*" C Keid* . 
Since / G Ker9, by (1) we obtain 

\{f,s)\l,s = \{f,si)\l,s 

<[ ^ ^ ^l/pe-^W^ / (Ai + A2 + --- + Ap)|sipe-2W5 

Jx\z Ai -I- A2 H 1- Ap Jx\z 

< [ ^ ^ ^ ^\f\\-''^dVs{\\^*s,fs + 2pe\\^s^fs) 

Jx\z Ai -I- A2 H 1- Ap 

< / ^ ^\ffe-'^dVs{\\d*s\\j + 2pe\\dsfs). 

Jx\z Ai -I- A2 H h Ap 

By the Hahn-Banach theorem, we can find vs, us such that 
if, s)s = {us,d*s)s + {vs, s)s for any s, 



A KAWAMATA-VIEHWEG-NADEL TYPE VANISHING THEOREM 



35 



and with the following estimate 

Wusfs + 2^11^.11^ < C [ I ^^ \ffe-^-^l 
^P^ Jx Xi + X2-\ h Ap 

Thereofre 

(2) f = dus + vs. 

Since the norm || • for (n,p)-forms is increasing when (5 — )■ 0, we find limits 

(3) u = lim ux and v = lim vx 

satisfying 

(4) Wufs + ^Jlvfs < C I ] ^^ l/lV^^c.," 

^pe JX \i + \2-\ h Ap 

<C ! ^ ^ 

Ai + A2 H h Ap 

for any 5 > 0. Formulas (2) and (3) imply that f = du + v. Let (5 — > in 
(4), we obtain the estimate in the proposition. 

□ 
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